With the forecasted worldwide increase in travel volumes, it is a priority to improve the capacity of air traffic networks to minimize the economic cost of congestion and improve social welfare. In this paper, we introduce new mixed-integer programming formulations for aircraft conflict resolution with speed and altitude control which are based on a disjunctive linear separation condition. We show that the proposed disjunctive linear separation condition is equivalent to the traditional nonlinear separation condition. Two different objective function are proposed with piecewise linear and quadratic penalties, respectively, resulting in MILP and MIQP formulations. The performance of the proposed Disjunctive model is evaluated using benchmarking conflict resolution instances with up to 100 aircraft and 10 flight levels. Further, the proposed Disjunctive formulations are compared against alternative formulations based on existing and widely used separation constraints. Our results show that the proposed Disjunctive model outperforms existing formulations in the literature and can solve to optimality significantly more instances. Further, instances with up to 50 aircraft can be solved in a less than a second which highlights the potential of this approach as a decision-support tool for tactical conflict resolution.
Introduction
Air traffic control (ATC) is an extremely dynamic and constrained environment where many decisions need to be taken in a short amount of time. Due to the forecasted increase in flight volumes (Eurocontrol, 2017) and its impact on air traffic controller workload, existing ATC systems may not be able to cope with future demand. In addition, airfares have been decreasing over the past few years, especially in emerging economies such as China and India, which brings a bigger contingent of new passengers every year resulting in higher traffic demand (Hummels, 2007) . Introducing automation within such systems can be vital to reduce controller workload and improve airspace capacity (Durand et al., 1997; Barnier and Allignol, 2009; Rey et al., 2015b) . Considering that traditional methods for air traffic control have been exhaustively used and are reaching their limits, automated approaches are receiving a significant and growing attention in the field (Vela et al., 2009b) .
Congested air traffic networks can lead to loss of separation between aircraft which impairs flight safety and may result in collisions. The aircraft conflict resolution problem is typically formulated as an optimization model in which the objective is to find conflict-free trajectories for a set of aircraft with intersecting trajectories. Different strategies have been used to address this problem based on the type of deconfliction maneuvers available, namely: speed control (acceleration or deceleration), heading control, vertical control (flight level reassignment) or a combination of these maneuvers. In Conflict Detection and Resolution (CDR), the goal is to develop optimization models that consider the available maneuvers to minimize the overall deviation from aircraft initial trajectories (Zhao et al., 1997) . Alternative optimization criteria such as minimizing the total flight delay, aircraft fuel consumption (Alonso-Ayuso et al., 2011) or distributing trajectory deviations equitably have also been proposed (Rey et al., 2015a) .
The International Civil Aviation Organization (ICAO) determines all regulations related to civil aviation (ICAO, 2010) . One of its main roles is to set separation standards for commercial aviation. We focus on aircraft separation for en-route traffic. During cruise stage, separation conditions require a minimum of 5 NM horizontally and 1000 ft vertically between any pair of aircraft (see Figure 1) . A conflict between two or more aircraft is a loss of separation among these aircraft. Air traffic networks are organized in flights levels which are separated by at least 1000 ft, hence cruise stage most conflicts occur among aircraft flying at the same flight level.
In this paper, we propose exact approaches for 3-dimensional aircraft conflict resolution problems using speed and altitude control. We make the following contributions to the field: we propose disjunctive linear conditions for aircraft separation that fully characterize the set of conflict-free trajectories. We embed the proposed disjunctive linear separation conditions into exact mixedinteger formulations for aircraft conflict resolution by speed and altitude control. Two objective functions are used and compared: a linear piecewise function and a quadratic function resulting in mixed-integer linear programming (MILP) and mixed-integer quadratic programming (MIQP) formulations, respectively. Numerical results are presented on a total of 3100 benchmarking instances for aircraft conflict resolution. We compare our approach with a state-of-the-art approach based on alternative aircraft separation conditions and find that the proposed disjunctive modeling approach is faster in 92.25% of the instances tested. Finally, for reproducibility purposes all codes and instances are made available online at https://github.com/davidrey123/Conflict_Resolution_ for_Air_Traffic_Control.
We next review the state-of-the-art on aircraft conflict resolution, highlight existing research gaps and position our contributions to the field (Section 2). We then present a novel exact formulation for conflict resolution by speed control (Section 3) and demonstrate its performance on benchmark problems (Section 4). We conclude by discussing our results and highlighting possible extensions of this work (Section 5).
Literature Review
One of the first exact approach for aircraft conflict resolution was proposed by Pallottino et al. (2002) which introduced two mixed-integer programming (MIP) formulations: the first model was based on speed control and the second model was based on heading control. In this formulation, the author created a shadow mode where the circumference occupied by each aircraft was expressed analytic and the interception between them were interpreted as the corresponding separation constraints. This concept was explored and expanded by Alonso-Ayuso et al. (2011) , which proposed a multi-objective formulation for conflict resolution by speed and altitude control to solve instance up to 50 aircraft in a reasonable amount of time.
Another representation of separation constraints was provided by Omer (2015) , Vela et al. (2009c) and Rey et al. (2015b) using conflict points. In Omer (2015) , a space-discretized MILP formulation involving a finite set of turning angles is proposed to simplify the horizontal conflict resolution problem. In contrast to most other approaches, the heading control manoeuvres consist of two actions: a first heading change to deviate and subsequent ones to recover the initial heading. In Rey et al. (2015b) , a linear upper bound is proposed to ensure separation and the resulting MILP formulation is able to solve realistic large-scale instances to optimality within a few seconds. In Vela et al. (2009a,b,c) , the authors proposed multiple MIP formulations which aim to minimize fuel consumption, incorporate air traffic controller workload in the objective function and account for wind uncertainty.
Non-linear approaches were also proposed by Omer and Farges (2013) , Alonso-Ayuso et al. (2014) and Cafieri and Rey (2017) . The model proposed by Cafieri and Rey (2017) , which is an exact mixed-integer nonlinear program (MINLP), but the formulation does not scale efficiently and 10-aircraft benchmark instances may require several minutes to be solved. The outcomes of these studies also indicate that subliminal speed control alone may not be sufficient to resolve all conflicts in dense traffic scenario and that other deconfliction manoeuvres may be required to complement such approaches. In Omer and Farges (2013) , a hybrid algorithm is proposed by using an optimal solution of a mixed-integer program as the starting point for solving a non-linear formulation of the same problem. Another geometric approach was proposed by Alonso-Ayuso et al. (2014) in which a two-step formulation, the authors minimize the impact of angle deviation into obtaining new flight configuration followed by a set of non-linear constraint responsible to return the flight to the original path. Same authors proposed another model Alonso-Ayuso et al. (2016a) using nonlinear trigonometric and nonconvex inequalities using the same shadow formulation and with speed and angle as control variables.
Several rich heuristic approaches for conflict resolution have also been proposed in an attempt to model conflict-free trajectories for aircraft more completely and accurately. In particular, metaheuristics such as genetic algorithms (Durand et al., 1997) and ant colony algorithms (Durand and Alliot, 2009 ) have proposed to find conflict-free solutions that ensure aircraft to safely recover their initial trajectories. Other approaches proposed light propagation algorithms (Dougui et al., 2013 (Dougui et al., , 2011 , which use light refraction index to determine conflict-free trajectories; and B-splines (Peyronne et al., 2015) to design smooth navigable paths for aircraft. In Lehouillier et al. (2017) , the authors propose a graph formulation for conflict resolution wherein each node of the graph represents a possible manoeuvre. This manoeuvre-discretized model is able to scale well but its solutions may be characterized as suboptimal if compared to a non-discretized formulation. Some heuristics models also proposed by Alonso-Ayuso et al. (2016b) and Alonso-Ayuso et al. (2017) explore an expansion for their non-linear model in Alonso-Ayuso et al. (2016a) by applying a sequential approach for goal programming and changes in speed, heading and altitude level using variable neighbourhood search, respectively. This review of the literature highlights that despite recent improvements in aircraft conflict resolution, there remain significant open challenges in the design of scalable and exact global optimization approaches. We next present new mixed-integer formulations for aircraft conflict resolution by speed and altitude control.
Conflict Resolution Model
We first introduce the proposed disjunctive aircraft separation conditions before presenting the aircraft trajectory control model and discussing the objective functions considered.
Separation Conditions
In the proposed formulation, separation constraints are imposed for each pair of aircraft based on their relative motion. Let A be the set of aircraft. For each i ∈ A, [x i ,ŷ i ] is the aircraft initial position,v i is its nominal speed (in NM/h) and θ i is its heading angle. Assuming uniform motion laws, aircraft motion can be described as:
In this model, one of the main decision variables is q i , which is the speed control variable that determines the acceleration or deceleration with regards to the nominal speed v i (q i equals to 1 means no speed variation). The relative motion of each pair of aircraft i, j ∈ A, i < j can be written as p ij (t) = p i (t) − p j (t) and the separation condition for this pair of aircraft is:
where d is the standard minimum horizontal separation (5 NM). Let v ij be the relative velocity
which is a linear function in term of the decision variables q i and q j . Expanding the expression in Equation (1) and denoting that the relative initial position of each pair (i, j) ∈ Pp ij , we obtain a second-order polynomial function that describes the separation between each pair (i, j) in P:
which is a minimum at:
which can be substituted in Equation (1) to form a time-independent separation constraint (Rey and Hijazi, 2017; Cafieri and Rey, 2017; Cafieri and Omheni, 2017) . By replacing t min ij into Equation (2) and multiplying by ||v ij || 2 , we obtain the following equation: 
To account for the temporal dimension and linearize the separation constraint (4) with regards to variables v v i j,x and v v i j,y , we adopt the approach proposed by Rey and Hijazi (2017) and recall the main steps hereafter. Observe that the solutions of the equation g(v ij,x , v ij,y ) = 0 can be identified by alternatively fixing variable v ij,x and v ij,y , and calculating the roots of the resulting single-variable quadratic equations. Isolating each variable, we obtain the discriminants:
Assuming aircraft are initially separated, thenx 2 ij +ŷ 2 ij −d 2 ≥ 0 holds and thus the discriminants are positive and the roots of Equation g (v ij,x , v ij,y ) = 0 are the lines defined by the systems of equations:
Let us emphasize that if all coefficients in (7a)-(7d) are non-zero, then (7a) is identical to (7c) and (7b) is identical to (7d). Observe that
Hence, Equations (7a), (7b), (7c) and (7d) define two lines, denoted R 1 and R 2 , in the plane {v ij,x ∈ R, v ij,y ∈ R} and the sign of g(v ij,x , v ij,y ) can be characterized based on the position of (v ij,x , v ij,y ) relative to these lines. Recall that according to Equation (3), the sign of the dot productp ij · v ij indicates aircraft convergence or divergence. Let (P ) be the equation of the line corresponding to the dot productp ij · v ij .
The line defined by (P ) splits the plane {v ij,x ∈ R, v ij,y ∈ R} in two half-planes, each of which representing converging and diverging trajectories, respectively. This is illustrated in Figure 2 which depicts a two-aircraft conflict in the plane {v ij,x ∈ R, v ij,y ∈ R}. The sign of g (v ij,x , v ij,y (vij,x, vij,y) is shown by the + and -green symbols. The hashed green half-plane represents diverging trajectories and the disjunctive region in pink. The dashed blue lines R1 and R2 correspond to the linear equations that are the roots of g (vij,x, vij,y 
Figure 3: Illustration of a two-aircraft conflict in the plane {vij,x ∈ R, vij,y ∈ R} highlighting the disjunctive convex regions: zij = 1 correspond to the region hashed in yellow and zij = 0 corresponds to the region hashed in blue. The dashed blue lines corresponds to the linear equations R1 and R2 that are the roots of g (vij,x, vij,y) = 0. shown by the + and -green symbols and the hashed blue region corresponds to g (v ij,x , v ij,y ) ≥ 0. The hashed green half-plane represents diverging trajectories.
Consider the line normal to (P ), denoted (N ):
Recall that any point (v ij,x , v ij,y ) such that t min ij ≤ 0 or g(v ij,x , v ij,y ) ≥ 0 corresponds to conflictfree trajectories. The conflict-free region is non-convex and is highlighted by the light-blue hashing in Figure 2 . We next show through Lemmas 1 and 2 that (N ) is a bisector of the angle formed by lines R 1 and R 2 in the conflict zone (g(v ij,x , v ij,y ) ≤ 0) and can be used to generate two disjunctive but convex conflict-free regions. Proof. We first show that (N ) is the bisector of one of the two angles formed between R 1 and R 2 (see Figure 3) . Note that the slope of the plane defined by (N ) is
. Without any loss of
be the slopes of the lines defined by (7c) and (7d). The angle of the bisector of these lines is µ = 1 2 (arctan r 1 + arctan r 2 ) and its slope is:
If r 1 r 2 = 1, recall that lim X→±∞ arctan(X) = ±π/2, thus tan(µ) = tan(
ij and the slope of the plane defined by (N ) is ±1.
Assume now r 1 r 2 = 1, using the half-angle formula, tan(µ) can be written as:
, this gives:
Since (P ) is orthogonal to (N ), the line (P ) is the bisector of the other angle between the two linear equations represented by R 1 and R 2 .
Simplifying the previous expression yields:
Lemmas 1 and 2 assert that (N ) can be used to split the conflict-free region in two convex but disjunctive regions (see Figure 3) . We model this disjunction using variable z ij ∈ {0, 1} defined as:
In each convex sub-region, the lines defined by (7a)-(7d) delineate the conflict-free region. The expressions of these lines depends on aircraft initial positions, i.e.x ij ,ŷ ij . Recall that we denote R 1 and R 2 the equation of these lines. Integer-linear separation conditions with regards to aircraft velocity components can be derived as follows:
where γ l ij , φ l ij and γ u ij , φ u ij are coefficients of the lines (7a)-(7d) corresponding to the roots of g(v ij,x , v ij,y ) = 0.
Theorem 1. The disjunctive linear separation conditions (8)-(9) fully characterize the set of aircraft conflict-free trajectories as given by Eq. (1).
Proof. We prove this statement by showing that the conditions (8)- (9) are equivalent to the nonlinear conditions (5) which are well-known to be equivalent to Eq. (1). As shown by Lemmas 1 and 2, the line (N ) splits the (v ij,x , v ij,y )-plane into two disjunctive regions and the region in which lies the normal line (N ) consists of conflicting trajectories. Thus, both half-planes induced by the normal plane (N ) contain sub-regions corresponding to conflict-free and conflicting trajectories, and Eq. (8) defines variables z ij accordingly. Consider the half-plane corresponding to z ij = 1 (see Figure  3 ). This half-plane can be further split into two convex sub-regions and inequality (9a) characterizes convex conflict-free region in which all pairs of aircraft trajectories verify g(v ij,x , v ij,y ) ≥ 0 or t min ij ≤ 0. The same reasoning applies to the half-plane corresponding to z ij = 0 if we substitute (9a) by (9b). Hence, all pairs of future conflict-free trajectories for aircraft i and j are characterized by the separation conditions (8)-(9).
These new disjunctive separation conditions are linear with regards to aircraft velocity variables v x ij and v y ij , and require a single binary variable per pair of aircraft. The remaining of this section discusses the aircraft trajectory control model and the objective functions of the proposed formulations.
Speed and Altitude Control
For each aircraft i ∈ A, we assume that the speed rate variable is lower bounded by q i and upper bounded by q i , thus the speed control constraint is:
To model flight level changes, we assume that each aircraft i ∈ A is initially assigned to a base flight level denotedρ i . Based on the geometry and structure of the airspace, we assume that adjacent flight levels are separated by 1000 ft vertically. Hence, we need only to impose separation constraints on pairs of aircraft which share the same flight level.
Let Z i the set of available flight level for each aircraft i ∈ A, and consider the binary variable ρ ik defined as:
By design,ρ i ∈ Z i and we require that each aircraft i ∈ A be assigned to exactly one flight level in its reachable set Z i via constraint (12):
For each pair of aircraft, it is necessary to identify if they share the same flight level. Let P be the set of pair of aircraft that might be in conflict i.e. P = {i ∈ A, j ∈ A : i < j, Z i ∩ Z j = 0}. Let ϕ ij be the binary variable defined as:
1 if aircraft i and j are assigned to the same flight level, 0 otherwise.
Variable ϕ ij can be linked to binary variables ρ ik and ρ jk via the constraint:
The separation conditions determined by (8)- (9) can be rewritten to account for altitude separation as follows:
Objective Functions
We explore the performance of two objective functions: a piecewise linear penalty and a quadratic penalty. Let α L , α Q be preference weights to balance speed versus altitude control in the objective functions. Let ∆ρ i = k∈Z i kρ ik −ρ i represent the flight level deviation of aircraft i ∈ A. The piecewise linear and quadratic objective functions of the proposed formulation are:
In both (16a) and (16b), the first term is the speed deviation and the second term is the flight level deviation. The objective function to be minimized can be written in a generic form as i∈A f (q i , ∆ρ i ) where f (q i , ∆ρ i ) is either a piecewise linear objective (16a) or a quadratic objective (16b).
Disjunctive formulation
The proposed approach for conflict resolution via speed and altitude control is summarized in Model 1 and hereby referred to as the Disjunctive Model.
subject to
Depending on the objective function used, this formulation can be a mixed-integer linear program (MILP) by using (16a) or a mixed integer quadratic program (MIQP) if using (16b).
In both cases, the model is build with indicator constraints which can be solved to optimality by commercial optimization software. In our implementation, we handle indicator constraints by deriving the convex hull of these constraints using the method proposed by Hijazi (2010). Further, note that coefficients γ l ij , φ l ij and γ u ij , φ u ij can be pre-processed based on the sign of x ij andŷ ij . For implementation details, a fully reproducible model can be found at: https: //github.com/davidrey123/Conflict_Resolution_for_Air_Traffic_Control.
Numerical Results
We first introduce the experimental framework used to test the proposed disjunctive linear formulation before presenting numerical results for benchmark conflict resolution problems.
Experiments Design
We test the performance of the proposed speed and altitude control model using classical benchmark problems: the Circle Problem (CP) and the Random Circle Problem (RCP). These benchmark problems have been widely used in the community for the horizontal aircraft conflict resolution problem field to assess the performance of CD&R algorithms (Durand and Alliot, 2009; Vanaret et al., 2012; Rey et al., 2015a; Cafieri and Omheni, 2017; Cafieri and Rey, 2017; Rey and Hijazi, 2017) . Instances for the CP and RCP are illustrated in Figure 4 . The CP consists of a set of aircraft uniformly positioned on the circle heading towards its centre. Aircraft speeds are assumed to be identical, hence the problem is highly symmetric (see Fig. 4a ). In contrast, the RCP builds on the same framework, but aircraft initial speeds and headings are randomly deviated within specified ranges to create random instances with less structure (see Fig. 4b ). In all experiments, we use a circle of radius of 200NM. For CP instances, all aircraft have the same initial speed of 500NM/h and are assigned to the median flight level. For RCP instances, aircraft initial speeds are randomly chosen in the range 486-594NM/h and their initial headings are deviated from a radial trajectory (i.e. towards the centre of the circle) by adding a randomly chosen an angle between − π 6 and + π 6 , and aircraft are randomly assigned to a flight level. In all instances, we assume that all flight levels are available for aircraft, i.e. Z i = Z j , for all aircraft i, j ∈ A. We report numerical results for problems with speed regulation ranges of ±5% and ±10%, and we use α L = 1 and α Q = 1 in (16a) and (16b), respectively. This weighting in the objective functions ensures that flight levels deviation are always more penalizing than maximal speed deviation.
The Disjunctive model is benchmarked against the so-called Shadow model, which uses the separation constraints introduced initially by Pallottino et al. (2002) and more recently adapted for speed and altitude control by Alonso-Ayuso et al. (2011) . In our implementation of the Shadow model, the control variables and constraints are identical to that of the Disjunctive model, and the only difference between both models is the set of separation constraints used, i.e. Eq. (15). The separation constraints used in the Shadow model are those presented in Alonso-Ayuso et al. (2011) . All models are implemented using the AMPL modelling language Fourer et al. (1993) on a personal computer with 16 GB of RAM and an Intel i7 processor at 2.9GHz. The model is solved with Cplex v12.7 CPLEX (2009) using default options and a time limit of 10 minutes. For reproducibility purposes all models and instances used are available at https://github.com/ davidrey123/Conflict_Resolution_for_Air_Traffic_Control.
The results are reported in a series of tables where each row represents an instance (CP) or a group of instances (RCP). For RCP instances, the average of the group is reported along with the standard deviation in parenthesis. All tables have the following header: n c is the number of conflicts; n c /FL is the average number of conflicts per flight level; Obj. is the objective function value, Time is the run time in seconds and Lim. indicates if the time limit was attained (yes/no in CPs, as a percent in RCPs); i∈A |1 − q i | is the sum of absolute speed deviations, max i∈A |1 − q i | is the maximum absolute speed deviation, i∈A |∆ρ i | is the total number of flight changes, and max i∈A |∆ρ i | is the maximum number of flight levels changes. Finally the relative time calculated as the run time of the Shadow model minus that of the Disjunctive model is reported in the right-most column: a positive value indicates that the Disjunctive model is faster, whereas a negative value indicates that the Shadow model is faster.
We next discuss numerical results on CP instances in Section 4.2 before discussing model performance on RCP instances in Section 4.3.
Results on CP instances
CP instances are named CP-Z-N where Z is the number of flight levels available and N is the number of aircraft. For this benchmark, we focus on a configuration with 5 flight levels (Z=5) and vary the number of aircraft from N=5 to N=15. Numerical results on CP instances are reported in Tables 1-4. Tables 1 and 2 (resp. 3 and 4) summarize the results obtained using the piecewise linear objective function (16a) (resp. quadratic objective function (16b)) with speed regulation ranges of ±5% and ±10%, respectively.
We observe that run time increases exponentially with the number of aircraft on CP instances. While instances with 5 to 8 aircraft can be solved near instantly, instances with 11 aircraft require up to 30s or so and instances with 12 aircraft or more are often not solved to optimality within the imposed time limit (600s). Problems with a piecewise linear objective are often, but not always, solved faster than their quadratic counterpart. Using the piecewise linear objective tends to produce solutions with larger absolute speed deviations compared to those obtained via a quadratic objective, while the total speed deviations only marginally decrease. Varying the speed regulation range from ±5% to ±10% tends to reduce run time and the total number of flight levels changes. We also observe that instances with odd and even numbers of aircraft exhibit a different behavior, especially when the speed regulation range is of ±10%, i.e. allows more degrees of freedom in aircraft trajectory control. We find that even numbered instances often require more flight level changes compared to odd numbered instances of the same order of magnitude. This can be ex- Table 2 : Summary of the performance of the Disjunctive and Shadow models using the linear piecewise objective function (16a) over CP instances from 5 to 15 aircraft with 5 flight levels using a maximum speed deviation of ±10%.
plained by the number of head to head conflicts present in even numbered instances, which cannot be solved by speed control, thus often requiring extra flight changes.
Comparing the Disjunctive and Shadow models, we find that overall both models perform similarly on CP instances. The Shadow model occasionally outperforms the proposed Disjunctive model when a piecewise linear objective is used but both models attain the time limit on instances with 12 or more aircraft. In turn, the Disjunctive model outperforms the Shadow model when a quadratic objective function is used, and is able to solve an additional instance (CP-5-12) in 395s when a speed regulation range of ±10% is used.
Results on RCP instances
To report the performance of the models on RCP instances, we consider groups of 30 instances with the same number of aircraft and number of flight levels and report the average performance of the models each group of instances. Groups of RCP instances are named RCP-Z-N Z is the number of flight levels and N is the number of aircraft. Numerical results on RCP instances are reported in Tables 5 to 8. Tables 5 and 6 (resp. 7 and 8) show the results using a piecewise linear (resp. quadratic) objective function with speed regulation ranges of ±5% and ±10%, respectively. We consider the number of flights levels: Z=5, 7 and 10. For piecewise linear problems we examine the performance of the models for instances with N=10 to 100 aircraft, whereas for quadratic Table 3 : Summary of the performance of the Disjunctive and Shadow models using the quadratic objective function (16b) over CP instances from 5 to 15 aircraft with 5 flight levels using a maximum speed deviation of ±5%. Table 4 : Summary of the performance of the Disjunctive and Shadow models using the quadratic objective function (16b) over CP instances from 5 to 15 aircraft with 5 flight levels using a maximum speed deviation of ±10%.
problems, which will be shown to be considerably harder when the number of aircraft increases, we only consider instances with N=10 to 70 aircraft. In terms of conflict density, instances with 5 flight levels have approximately four times more conflicts per flight level compared to instances with 10 flight levels. Thus despite requiring less binary variables, instances with a low number of flight levels are dense in comparison to instances with a high number of flight levels, have tend to generate harder conflict resolution problems.
Overall, we find that reducing the number of flight levels available tends to produce harder optimization problems. This is reflected by the number of time-outs which are more frequent in instances with Z=5 compared to other instances. Using the piecewise linear objective function (Tables 5 and 6 ), time-outs are only observed for some instances with 5 flights levels and 90 or 100 aircraft. Further, on average, instances with up to 50 aircraft are solved in less than a second. In contrast, using the quadratic objective function (Tables 7 and 8) reveals that instances with 50 aircraft and 5 flight levels may occasionally time-out. We also find that instances with 70 aircraft and 10 flight levels present computational challenges, which emphasizes the difficult of solving MIQPs versus MILPs for aircraft conflict resolution problems. The RCP instances benchmarking also reveals that on average increasing the speed regulation from ±5% to ±10% to increase run time by twofold.
From an aircraft trajectory control standpoint, increasing the number of flights levels tends to trade altitude change for speed control: the total speed regulation increases with the number of Table 5 : Summary of the average performance of the Disjunctive and Shadow models using the piecewise linear objective function (16a) over 30 RCP instances per group (total of 900 instances) for 10 to 100 aircraft and 5, 7 and 10 flight levels using a maximum speed deviation of ±5%.
flight levels whereas the total number of flight level changes reduces. This is in alignment with the configuration of the preference weights in the objective functions which favor speed control over altitude change. Further, using a quadratic penalty in the objective tends to reduce the maximum speed control and maximum number of flight level changes and may also result in fewer aircraft changing flight levels. This is highlighted by the performance of the Disjunctive model on instances RCP-5-70 which may require up to 2 flight level changes per aircraft when the piecewise linear objective function is used (see Table 5 ) compared to a maximum of 1 flight level change using the quadratic objective function (see Table 7 ). Using a quadratic objective function may also result in outcomes where speed control only is used to resolve all conflicts whereas flight level changes are used when a piecewise linear objective function is used; as illustrated by the performance of the Disjunctive model for instances RCP-10-30 in Tables 6 and 8 . Hence, these computational experiments suggest that using a quadratic objective function instead of a piecewise linear one will on average produce solutions which are more balanced and make better use of the deconfliction resources.
Benchmarking the Disjunctive and Shadow models on RCP instances reveals that the former very often outperforms the latter in terms of run time, especially for solve MIQPs. Notably, the Shadow model produced 86% to 100% of time-outs for all RCP instances with 70 aircraft solved with the quadratic objective function. In comparison, the Disjunctive model is able to solve to optimality the majority of MIQPs for instances with 7 and 10 flight levels. Overall, this benchmark reveals that the proposed Disjunctive model outperforms the Shadow model on 92.25% of the instances tested. Table 6 : Summary of the average performance of the Disjunctive and Shadow models using the piecewise linear objective function (16a) over 30 RCP instances per group (total of 900 instances) for 10 to 100 aircraft and 5, 7 and 10 flight levels using a maximum speed deviation of ±10%.
Conclusion and Perspectives
We proposed new mixed-integer programming formulations for solving the aircraft conflict resolution problem with speed and altitude control. The proposed formulations are based on new disjunctive separation conditions which are linear with regards to aircraft velocity variables and require only a single binary variable per pair of aircraft. We have formally shown that the proposed disjunctive linear separation conditions fully characterize the set of conflict-free aircraft trajectories. We have embedded these separation conditions in new mixed-integer formulations for aircraft conflict resolution using speed control and altitude changes. Our objective is to minimize the total deviation of aircraft to their initial trajectories and we consider two objective functions with piecewise linear and quadratic penalties, respectively, resulting in MILP and MIQP formulations that can be solved with commercial optimization software. The performance of the proposed formulations is tested on benchmark problems for conflict resolution and a total of 3100 instances are tested. We find that the proposed Disjunctive model is capable of solving dense multi-level traffic scenarios with up to 50 aircraft to optimality in less than a second. Larger instances require more computational resources, especially if a quadratic objective function is used or if the density of conflicts per flight level is high. The comparison of the two objective functions implemented highlights the substantial benefits of using a quadratic penalty over a piecewise linear penalty on aircraft trajectory deviations. This study also reveals that imposing strict bounds of ±5% on aircraft speed control can be sufficient to solve most of the densest instances tested without significantly increasing the number of flight level changes required. Comparing the proposed Disjunctive model with an existing formulation based on the so-called Shadow separation constraints which have been widely used in the literature, we find that the proposed approach outperforms the latter in 92.25% Table 8 : Summary of the average performance of the Disjunctive and Shadow models using the quadratic objective function (16b) over 30 RCP instances per group (total of 630 instances) for 10 to 70 aircraft and 5, 7 and 10 flight levels using a maximum speed deviation of ±10%.
of the instances tested. For reproducibility purposes all models implemented and instances used are available at https://github.com/davidrey123/Conflict_Resolution_for_Air_Traffic_Control. In practice, speed control and altitude changes may be combined with additional separation manoeuvres such as heading deviations. Controlling aircraft headings require manipulating trigonometric functions thus presents considerable challenges unless heading avoidance manoeuvers are discretized. However, from an operational perspective, speed or altitude control may be preferred over heading changes since the former do not require complex aircraft trajectory recovery operations. In particular, in the case of speed control, the low impact on aircraft delay or fuel consumption provides an attractive conflict resolution approach Delgado and Prats (2012) ; Rey et al. (2015b) . Future work will be focused on incorporating heading deviation as a continuous trajectory control approach while anticipating expected recovery costs. Further, while stochastic formulations have been proposed and explored within air traffic control and management, most existing approaches are limited to inexact optimization methods. Hence, another possible extension of this research is to account for the uncertainty on aircraft trajectory prediction within exact conflict resolution formulations and develop scalable solution methods.
